{ } S s = matrix of modal expansion coefficients, vector of modal expansion coefficients t = time υ = cumulative proper orthogonal mode participation factor [ ],{ } X x = displacement snapshot matrix, displacement time history vector i χ = i th proper orthogonal mode participation factor ζ = viscous damping factor ω = undamped natural frequency
Oscillating shocks acting in combination with high-intensity acoustic loadings present a challenge to the design of resilient hypersonic flight vehicle structures. This paper addresses some features of this loading condition and certain aspects of a nonlinear reduced-order analysis with emphasis on system identification leading to formation of a robust modal basis.
The nonlinear dynamic response of a composite structure subject to the simultaneous action of locally strong oscillating pressure gradients and high-intensity acoustic loadings is considered. The reduced-order analysis used in this work has been previously demonstrated to be both computationally efficient and accurate for time-invariant spatial loading distributions, provided that an appropriate modal basis is used. The challenge of the present study is to identify a suitable basis for loadings with time-varying spatial distributions. Using a proper orthogonal decomposition and modal expansion, it is shown that such a basis can be developed. The basis is made more robust by incrementally expanding it to account for changes in the location, frequency and span of the oscillating pressure gradient. = correlation matrix D The present work expands the application of a recently developed procedure for modal basis selection 2, 3 to the analysis of problems with time-varying special loading distributions. The procedure is based on system identification via proper orthogonal decomposition (POD). 4, 5 The proper orthogonal modes (POMs), however, change with loading distribution and intensity, so they do not constitute an efficient basis. Therefore, an additional step involving modal expansion seeks to identify normal modes (NMs) resembling POMs. In the past, a basis formed using NMs was found to be applicable over a broad range of response regimes having a fixed loading distribution. 2, 3 In the present study, a basis that is also applicable over a perturbed set of spatially time-varying loading conditions is sought. By repeating the basis selection procedure, new NM bases may be found for perturbations of the spatially time-varying loading condition. Finally, because all the NMs are orthogonal, these bases may be combined to form a single NM basis applicable over the range of loading conditions analyzed. In doing so, a significant computational savings may be achieved.
To demonstrate that the proposed approach is applicable to time-varying spatial loading distributions, the focus of the present work is on a structure simultaneously subjected to an oscillating pressure gradient and high-intensity acoustic loading. This condition was motivated by oscillating shocks acting in combined thermal-acoustic loading environments, as encountered on hypersonic flight vehicle structures. 6 Figure 1 depicts such a loading case in which an oscillating shock formed ahead of a compression ramp 7, 8 combines with an acoustic disturbance generated by a scram jet propulsion system. 6 In such a scenario, the acoustic disturbance will forward propagate only in the subsonic region aft of the shock. The effects of fluid and thermal loadings, while significant in the motivational problem, are not included in this study. The loading conditions considered are presented in Figure 2 . The structure is modeled as a composite plate strip and the strength of the pressure gradient and oscillation frequency were guided by available empirical data. 7, 8 The reference condition is indicated as load case 1 in Table 1 , while perturbations of selected parameters including location, frequency and span of the oscillating pressure gradient are indicated as load cases 2-7. 
II. Formulation
The system identification employed by the authors 3 is next reviewed and a modal basis selection criterion employing a modal expansion approach 2 is summarized. The previously developed modal system reduction by an indirect nonlinear stiffness evaluation procedure 9,10 is also briefly discussed.
A. System Identification -Proper Orthogonal Decomposition
When physical DoFs are chosen to characterize the response, a snapshot matrix [ ] X can be formed as an accumulation of n instantaneous displacement, velocity, or acceleration response fields. 4, 5 In the current analysis, displacement fields obtained from a nonlinear FE analysis are used resulting in a snapshot matrix of size n × N, where N is the number of DoFs. The sample rate and spatial resolution of the snapshot matrix must be sufficient to resolve the system's temporal and spatial characteristics of interest. The correlation matrix [ both of size N × N. Each POV is a measure of the corresponding POM activity, i.e., the higher the POV, the greater the contribution of a corresponding POM to the dynamic response. The POD procedure employed is performed independently for each DoF type of interest by partitioning the snapshot matrix. In the subsequent POD analyses, three out of six available DoF types for shell FEs are considered, i.e., transverse displacement w and two in-plane displacements u and v. The two out-of-plane rotations, x φ and y φ , were previously found 2 to ultimately yield the same set of NMs as the transverse displacement DoF, so they are not considered in the present analysis. The sixth DoF type, the rotation about the normal to the plate surface z φ , also called the drilling DoF, also is not considered since it is not common to all shell element formulations. By adopting this approach, the size of each individual DoF snapshot matrix [ ] X is reduced to n × m, where m is the number of nodes, and the size of each individual correlation matrix , POM matrix [ , and POV matrix
B. Modal Basis Selection
The contribution of each POM to the overall dynamic response is given by 1 1, , 
Retention of only the selected M POMs reduces the size of [ to m x M. ] P As previously indicated, the direct use of POMs for the basis is not preferred for a forced response problem as they are load specific. Instead a set of NMs which either directly resemble, or can be superposed to resemble the POMs is sought. The authors recently presented two criteria for identifying such a set using the modal assurance criterion 11 (MAC) and a modal expansion approach. 2 Because of the loading considered, the POMs identified in this work often bore little direct resemblance to NMs. Consequently, the MAC approach was not generally effective and is therefore not considered in this paper.
Modal Expansion Approach
A single POM may be decomposed into a linear superposition of NMs using the expansion 12
where are the expansion coefficients. Since the NMs
The coefficient matrix [ may be formed by evaluating Eq. ] S (7) over all selected POMs ( 1 and over all NMs , and may be written in compact form as:
One [ matrix is formed for every DoF type and the size of each [ 
] S Each column of [ corresponds to a specific POM. Because the POMs [ used to compute the [ matrix are not normalized, it is convenient to normalize each column of this matrix to unity so that a single threshold value can be used to identify the most significant NMs. In this work, those modes above a threshold value of 0.5 were included in the basis.
C. Nonlinear Reduced-Order Analysis
Once a set of basis functions consisting of NMs is selected using modal expansion, the nonlinear modal reduction of the system can proceed. A reduced-order method gains its computational advantage by reducing the size of the system in physical DoFs (full-order) to a much smaller system expressed in generalized coordinates (reduced-order). For the problem of interest, the equation of motion in physical DoFs is expressed as
where [ ] M and are the structural mass and damping matrices, and 
the reduced-order equation of motion becomes
where is a generalized coordinate vector and 
Because mass-normalized NMs are used as the basis functions, the modal mass and damping matrices can be expressed as
where r ω and r ζ are the undamped natural frequencies and the viscous damping factors, respectively. The modal
. The system reduction utilized in this study is based on the indirect approach employing a nonlinear stiffness evaluation procedure. 9, 10 The procedure expresses the r th component of the nonlinear modal restoring force vector as (14) } q (14) constitutes a system of algebraic equations from which the linear, quadratic and cubic modal stiffness coefficients may be determined. The number of unknown coefficients, and hence the number of nonlinear static solutions required for a transformation utilizing modes is L
Note that the three terms in Eq. (15) reflect the number of linear, quadratic, and cubic modal stiffness coefficients, respectively. The number of nonlinear static solutions can be viewed as a measure of the fixed cost of the reducedorder analysis, as the modal reduction must be performed regardless of the simulated response time to be eventually computed. Once the coefficients have been determined, the Eq. (11) is integrated using a fourth-order Runge-Kutta scheme and the physical displacements recovered through Eq. (10). The reduced-order analysis was implemented in the code RANSTEP 10 , which can use either the ABAQUS 13 or MSC.NASTRAN 14 FE codes for NMs analysis, nonlinear static solutions, and stress/strain post-processing.
III. Results
The FE model developed for the ensuing numerical analyses is next presented. The process for generating the time-varying spatial loading distribution follows, with particular attention paid to the high frequency components generated in the region of pressure oscillation. A thorough treatment of a reference load case is then considered to lend insight into the selection of a modal basis using the above approach, and to demonstrate the accuracy of a reduced-order nonlinear simulation vis-à-vis a full-order simulation. Loading parameters are next perturbed to investigate the influence of oscillation position, frequency and span on the response and modal basis selection. Finally, the computational effort associated with a robust, expanded modal basis is addressed.
A. Finite Element Model and Analyses
A composite plate strip clamped at both ends was used as the numerical test article. The structure under investigation, shown in A single FE model of the plate strip was constructed for both the full-order and reduced-order analyses. It consisted of 1216 ABAQUS S4R shell elements defined by 1525 nodes for the total of 9150 DoFs. The S4R element has four nodes, each with three translational and three rotational DoFs. All elements used had a width of 6.35 mm, so that four elements spanned the width of the strip. The length of the elements was either 3.125 or 0.635 mm. The smaller element length was used over the greatest region of oscillating pressure loading, i.e. from 50.8 mm to 177.8 mm.
The full-order nonlinear response of the plate strip was analyzed in physical DoFs using the ABAQUS/Explicit solution. Because of the small element size used in the region of pressure oscillation, the automatic "element-byelement" time step adjustment scheme used in ABAQUS yielded an extremely small integration time step of 55.54 x 10 -9 s. Hence the full-order simulations were computationally very intensive, making only short time simulations feasible. The reduced-order analyses were performed with a much larger integration time step increment of 1.25 x 10 -6 s.
B. Load Generation
The beam was subjected to a static pressure loading of 1 o P = kPa ahead (to the right) of the lateral pressure oscillation boundary and a static pressure loading of 1 P 10 = kPa behind (to the left of) the lateral pressure oscillation boundary, see Figure 2 . This pressure rise is on the order of that cited by Elfstrom 8 Table 1 . In the region of travel, the instantaneous resultant force was calculated and applied proportionally across the nearest element nodes. This representation of the oscillating load was mathematically convenient to implement and was not intended to precisely model an oscillating shock. In addition, a uniformly distributed random acoustic loading of 160 dB overall sound pressure level (ref: 20 μ Pa) over the frequency range 0 -1024 Hz was applied behind the pressure oscillation boundary. The acoustic pressure tracked left and right with the boundary movement such that no acoustic loading was applied ahead of the boundary.
The pressure time history in the mid-span region of oscillation is shown in Figure 3 for an oscillation span of 63.5 mm and frequency of 142.8 Hz (load case 4). At this location, the oscillation boundary reaches its maximum oscillation speed of 28.49 m/s. The pressure time history is shown both with and without the acoustic loading to demonstrate the modulation induced by the acoustic loading on the 10 kPa static pressure behind the oscillation boundary. The transition between high and low pressure occurs over a short time period of time, such that the resulting pressure time history resembles a square wave. The chopping of the acoustic pressure effectively halves the overall level in the mid-span region of oscillation. Note that at the high static pressure end, the attenuation is minimal, while at the low static pressure end, the gain is minimal. The effect of the pressure oscillation is dramatically shown in its power spectral density (PSD) in Figure 4 . Because the waveform is square, spectral peaks are generated at the oscillation frequency and its odd harmonics. The peaks extend to very high frequencies (> 40 kHz). The most noticeable effect is the generation of high frequency broadband noise above the acoustic loading cutoff of 1024 Hz, as shown by the red trace. This distortion occurs as a result of chopping the acoustic loading and, as previously noted, has a secondary effect of reducing the overall acoustic generated component by approximately 3 dB. This is most clearly seen through comparison of the in-band acoustic spectrum with and without the oscillation, shown by the red and black trace, respectively. Although the overall acoustic component is reduced, the combined overall level (broadband acoustic and spectral peaks) is increased by roughly 7 dB to 167 dB, not including the sizeable zero frequency component. This behavior was found to exist for all load cases, each of which had comparable amplification but differing peak behaviors. Because the integrated amplification is the same irrespective of the oscillation frequency, lower oscillation frequencies have lower amplitudes since more harmonics are integrated over the given bandwidth than a higher frequency oscillation. For example, the amplitude of a 7.14 Hz oscillation is lower than that of the 71.4 Hz oscillation.
The net effect of the distorted fluctuating pressure loading on the structural response is twofold. First, spectral peaks, though narrow, have the potential to cause large structural dynamic response if located in the vicinity of a structural resonance. Second, the high frequency content of the loading will excite a greater number of low frequency bending NMs compared to the undistorted acoustic spectrum, and has the potential to directly excite higher frequency in-plane NMs. The anticipated result is that a larger modal basis will be required for the reducedorder analysis. 
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C. Analysis of Reference Condition -Load Case 1
For analysis of the reference condition and perturbed load cases (see Table 1 ), a single 1.0 s full-order nonlinear response simulation was run with an output interval of 50 s μ . In each case, the first 0.5 s of response was removed to minimize the effect of start up transients. Thus, the POD analyses were performed using full-field displacement snapshots. Displacement response PSDs were computed using this data for all load cases except for the reference condition. The full-order simulation was extended by 1.1384 s for the reference condition, giving 1.6384 s of evolved response for computation of the PSD to permit better comparisons with the reduced-order analysis.
10, 000 n = Also common to all load cases was the selection of a cumulative POV contribution υ of 99.9 % for the u and v displacement components, and of 99.999 % for the w displacement component. The higher value for the w displacement component was selected to help identify additional low frequency bending NMs which lie above the direct acoustic loading bandwidth of 1024 Hz. The contribution of such modes has been previously found to be important 2, 3 .
The POD analysis for the reference condition identified 29 POMs falling within the cumulative POV contribution values selected. Of these, 14 were associated with the u displacement component, 4 with the v displacement component, and 11 with the w displacement component. A listing of POMs and their individual and cumulative contributions is provided in Table 2 . It is seen that the w displacement component converges faster than the u displacement component for a cumulative POV contribution of 99.9 % (7 POMs for the w displacement and 14 POMs for the u displacement). This is consistent with earlier work on beam and plate structures subject to uniformly distributed loadings 2, 3 . Additionally noteworthy is the result of the NM selection via modal expansion which identified 32 NMs for this load case. There is a nearly 1:1 ratio of POMs to NMs for the v and w POM displacement components, but generally less so for the u POM displacement. This observation, however, does not generally hold for other load cases in which several NMs may be required to superpose to resemble even highly contributing w displacement POMs. For brevity, this data is not presented. A list of selected NMs and type (spanwise symmetric or anti-symmetric) is provided in Table 3 . NMs in the frequency bandwidth to 100 kHz were considered in this study.
American Institute of Aeronautics and Astronautics The PSDs of the quarter-span transverse displacement response computed using full-order and reduced-order nonlinear simulations are presented in Figure 5 . This location was chosen to monitor because it lies in the middle of most severe loading. The reduced-order simulation captures both the zero-frequency behavior associated with the static pressure loading and the higher frequency response very well. A non-resonant spectral peak at the 714 Hz oscillation frequency is barely noticeable in this response as the amplitude of the nonlinear frequency response decreases with increasing frequency. An inspection of the response above 1024 Hz indicated similar behavior (not shown). Figure 6 shows the quarter-span in-plane displacement PSD, whose amplitude is about four orders of magnitude lower than that of the transverse response. The reduced-order analysis compares favorably with the fullorder analysis across the frequency range. As with the transverse response, the 714 Hz oscillation frequency is barely noticeable.
American Institute of Aeronautics and Astronautics Figure 6 : In-plane displacement PSD at the quarterspan location for load case 1.
D. Perturbations of oscillation position, frequency and span
In order to determine the requirements for an expanded basis applicable over perturbed flight conditions, and at the same time gain further insight into the nonlinear structural dynamic response associated with this problem, the effects of varying the oscillation center position, frequency and span were investigated.
Effect of Oscillation Center Position
The effect of the oscillation center position was investigated by perturbing load case 1 such that the center of the oscillation was located nearer to the left clamped end at span-wise location 0.0572 m (load case 2), and nearer to the center at span-wise location 0.1715 m (load case 3), while maintaining an oscillation span of 0.0127 m and oscillation frequency of 714 Hz.
The quarter-span transverse displacement PSDs, shown in Figure 7 , were computed using 0.5 s of full-order simulation data. Therefore, they appear less refined than those presented in Figure 5 and Figure 6 . Nevertheless, useful conclusions can be drawn from them. Load case 2 has the least amount of exposure to the high amplitude static pressure , consequently the stiffening effect due to application of the static pressure is less than it is for load cases 1 and 3. Therefore, its resonances are only slightly shifted to the higher frequencies, relative to the stressed natural frequencies indicated in 1 P Table 3 . The area of applied static pressure increases for load case 1 and is greatest for load case 3, so the frequency shift is progressively greater. Even though the plate strip is stiffest for case 3, followed by case 1, followed by case 2, the amplitude of the response has the opposite trend. It is greatest for case 3, followed by case 1, followed by case 2. This is because the acoustic loading area also increases as the center of oscillation moves from left to right. The response associated with load case 2 appears nearly linear as the strip is exposed to only 0.0572 m of length on average. The 714 Hz oscillation frequency is hardly noticeable in any load case response. 1 
P
The POD/modal expansion analysis identified 25 NMs associated with 18 POMs for load case 2, and 28 NMs associated with 21 POMs for load case 3. The breakdown of POMs by component type for each load case is shown in Table 4 , whilst the particular NMs identified for each case are indicated in Table 3 . Load case 1 identified more significant u and w component POMs than either load case 2 or 3. We surmise this is solely due to the oscillation center position since load case 1 had neither the greatest response nor exhibited the greatest stiffening. Although the oscillation center for load case 1 is collated with the quarter-span monitoring point, this is unrelated to the number of significant POMs as the latter are determined by the global response. The number of v component POMs is small and their number appears nearly independent of load case. A general trend seen is that a lower number of POMs usually results in a lower number of NMs being identified.
It should be emphasized that the POMs differ between each load case, i.e., u component POM number 1 for load case 1 is different than u component POM number 1 for load case 2. The NMs, however, are the same for each load case as they are determined from the stress-free linear eigenanalysis. The fact that many of the same NMs are represented for differing load cases is why they are desirable for forming the basis. 1  14  4  11  29  32  2  7  5  6  18  25  3  8  4  9  21  28  4  8  4  9  21  25  5  9  3  8  20  25  6  8  3  8  19  24  7 10 3 10 23 28
Effect of Oscillation Frequency
Next, the oscillation frequency was varied by two orders of magnitude. Load cases 5 (7.14 Hz), 6 (71.4 Hz) and 7 (714 Hz) were considered in order to maintain the same oscillation center position and span. The quarter-span transverse displacement PSDs are shown in Figure 8 . As seen in cases 1-3, the 714 Hz oscillation frequency for case 7 is too high to significantly drive the response. The transverse displacement response for load case 6 is significantly driven by the 71.4 Hz oscillation frequency. Additional forced responses at the odd harmonics are less distinguishable. The 7.14 Hz oscillation frequency for case 5, however, generates lower amplitude harmonics, and the effects of these are not easily seen in the response. Aside from the peak behavior associated with the driving frequency, the oscillation frequency appears to affect the width of the resonant response such that the higher the oscillation frequency, the sharper the resonant response. The sharpest resonant peaks, associated with load case 7, also appear to be at lower frequencies and generally higher amplitudes, than the resonant peaks for load case 6 and, to a greater extent, than those for load case 5.
The POD/modal expansion analysis identified 25 NMs associated with 20 POMs for load case 5, 24 NMs associated with 19 POMs for load case 6, and 28 NMs associated with 23 POMs for load case 7. The number of POMs of each type does not significantly differ, as shown in Table 4 . Again, there is significant commonality between the corresponding set of NMs seen in Table 3 . American Institute of Aeronautics and Astronautics
Effect of Oscillation Span
Last, the effect of oscillation span was explored by perturbing load case 1 such that the span increased by a factor of 5 to 0.0635 m (load case 4) and by a factor of 10 to 0.127 m (load case 6), while maintaining the oscillation center position at the quarter-span and maximum oscillation speed of 28.49 m/s. Because the oscillation speed was maintained, the oscillation frequency was reduced from 714 Hz for load case 1, to 142.8 Hz for load case 4, and to 71.4 Hz for load case 6. Therefore, this perturbation was not independent of a change in frequency.
The quarter-span transverse displacement PSDs are shown in Figure 9 . Here, both the 71.4 Hz and the 142.8 Hz oscillation frequencies significantly drive the responses of load cases 6 and 4, respectively. The POD/modal expansion analysis identified 25 NMs associated with 21 POMs for load case 4 and 24 NMs associated with 19 POMs for load case 6. The number of POMs of each type does not significantly differ between load cases 4 and 6, as seen in Table 4 . Again, there is significant commonality between the corresponding NMs seen in Table 3 .
E. Computational effort for individual and combined modal bases
If the seven loading conditions were considered individually, a separate reduced-order system would need to be formed for each using the modal bases presented in Table 3 . Since cases 4 and 5 resulted in the same basis selection, only a single common reduced-order system need be formed for them. The computational effort associated with obtaining the reduced-order system for the resulting six bases can be computed per Eq. (15) . The number of static nonlinear cases to be solved for each is presented in Figure 10 with the blue points. The total effort requires the solution of 24,606 static nonlinear cases.
In previous work, the authors demonstrated that expanding the modal basis does not adversely affect the quality of the reduced-order solution. 3 Because of this, only a single reduced-order system need be formed with a basis consisting of a superset of all modes identified in Table 3 . As a result, a reduced-order system with 35 modal basis functions can be obtained and applied for the analysis of any or all of the cases under consideration. The cost associated with forming such a system requires the solution of 8,435 nonlinear static cases, as indicated with the black point in Figure 10 . Consequently, the computational effort of modal reduction using a single combined basis is reduced by the factor of 2.92 relative to that of six individual reductions. Note that extent of perturbations from the baseline condition affects the number of common NMs between cases, and hence the efficiency to be gained by forming a common basis. For the seven cases considered in this work, 21 out of 35 NMs listed in Table 3 are common.
There are obstacles to using the POMs to form a combined modal basis. First, each set of POMs is load case specific. Therefore, a common basis would consist of all 151 POMs identified in Table 4 and would require the solution of 596,903 nonlinear static cases! Secondly, a basis formed in this manner would be comprised of vectors that are generally not orthogonal. This has been shown to lead to difficulties in integrating the reduced order system. 15 Figure 9 : Effect of oscillation span on the quarter-span transverse displacement PSD. American Institute of Aeronautics and Astronautics
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IV. Conclusions
A nonlinear reduced-order modal simulation has been demonstrated to accurately predict the response of structures with time-varying spatial loading distributions provided that an appropriate modal basis is selected. Selection of such a basis requires knowledge of the system dynamics that can be gained by a system identification procedure. The proper orthogonal decomposition used for this purpose leads to a set of proper orthogonal modes, and while these may be used directly to form a reduced-order system, such a system is load specific. A load independent basis, however, is more desirable as it permits analysis of a broader range of loading conditions using the same reduced order system.
A load independent basis can be formed using normal modes which are identified via modal expansion of the proper orthogonal modes. By perturbing the baseline loading condition, the POD analysis and modal expansion can be repeated to incrementally expand the modal basis. The resulting basis was demonstrated to be more computationally efficient compared to independent analyses of all perturbed conditions.
